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Abstract 

Let M = B^/r be a smooth ball quotient of finite volume with first 
betti number b\{M) and let £{M) > 0 be the number of cusps (i.e., 
topological ends) of M. We study the growth rates that are possible 
in towers of finite-sheeted coverings of M. In particular, fei and £ have 
little to do with one another, in contrast with the well-understood cases of 
hyperbolic 2- and 3-manifolds. We also discuss growth of foi for congruence 
arithmetic lattices acting on and B®. Along the way, we provide an 
explicit example of a lattice in PU(2,1) admitting a homomorphism onto 
Z with finitely generated kernel. Moreover, we show that any cocompact 
arithmetic lattice T C PU(n, 1) of simplest type contains a finite index 
subgroup with this property. 


1 Introduction 

Let B" be the unit ball in C" with its Bergman metric and L be a torsion-free 
group of isometries acting with finite covolume. Then M = B”/r is a manifold 
with a finite number £{M) > 0 of cusps. Let &i (M) = dim Hi {M ; Q) be the first 
betti number of M. One purpose of this paper is to describe possible behavior of 
£ and bi in towers of finite-sheeted coverings. Our examples are closely related to 
the ball quotients constructed by Hirzebruch [19] and Deligne-Mostow [151127]. 

For n = 1, M is better-known as a hyperbolic 2-manifold, and the behavior 
of bi and £ is very well-understood via basic topology of Riemann surfaces. For 
3-manifolds, particularly finite volume hyperbolic 3-manifolds, growth of bi in 
finite covering spaces has been a subject of immense interest [niiiiiiniisiii]- For 
both hyperbolic 2- and 3-manifolds, what is very well-known is the contribution 
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of the cusps to bi'. for Riemann surfaces &i > f — 1, and for finite volume 
hyperbolic 3-manifolds hi > £ (which is known by ‘half lives, half dies’, and 
follows easily from Poincare duality). The first result in this paper shows that 
no such theorem holds for two-dimensional ball quotients. 

Theorem 1. There exist infinite towers {Aj}, {Bj}, {Cj}, {Dj} of distinct 
smooth finite volume noncompact quotients of such that: 

1. hi{Aj) is uniformly hounded for all j and £{Aj), vol(Aj) — >■ oo as j — >■ oo; 

2. bi{Bj) and£{Bj) are both uniformly bounded butvol{Bj) oo as j ^ oo; 

3. hi(Cj), £(Cj), and vol(C'j) all grow linearly with j; 

I 

vol{Dj)i <C bi{Dj) 
vol{Dj)i - £{Dj). 

Moreover, all these manifolds can be taken as quotients o/B^ by a neat and/or 
arithmetic lattice. 

This leads to the following question: For which nonnegative integers a, / 
does there exists a noncompact finite volume hall quotient with b/M) = a and 
£{M) = (3? It would be interesting to find infinitely many ball quotient mani¬ 
folds with 6i = 0 and arbitrarily many cusps, if such examples exist, especially 
in a tower of finite coverings; it seems that we do not know a single example for 
which the associated lattice is neat. See [36] for more discussion of this question 
and the first examples of a manifold M with £{M) = 1. 

Our methods also require proving the following result, for which no example 
exists in the literature. 

Theorem 2. There exists a torsion-free lattice T in PU(2,1) and a homomor¬ 
phism p : P —>■ Z with finitely generated kernel. 

Our example is nonuniform. In joint work with Catanese, Keum, and Toledo 
[^ , we will show that the fundamental group of the so-called Cartwright-Steger 
surface also has this property (in fact, we knew of that example first and the 
proof of Theorem [2] is modeled on the argument from [6]). 

Examples of lattices in PU(2,1) admitting homomorphisms onto Z with in¬ 
finitely generated kernel are well-known. Indeed, many quotients of B^ are 
known to admit a holomorphic fibration over a hyperbolic 2-manifold (see IfS]) . 
and this fibration induces the homomorphism to Z. Since the kernel of the ho¬ 
momorphism from the hyperbolic 2-manifold group to Z has infinitely generated 
kernel, the lattice in PU(2,1) inherits the same property. In fact, it follows from 
work of Napier and Ramachandran [29] that a kernel of a homomorphism to Z 
is infinitely generated if and only if, perhaps after passing to a finite-sheeted 
covering, there is an associated fibration over a hyperbolic 2-manifold. Studying 
this condition more carefully, we will show the following. 
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Theorem 3. LetT C PU(n, 1) be a cocompact arithmetic lattice commensurable 
with G{’L), where G is the algebraic group defined by a hermitian form on 
for a CM field i. Then there exists F' C F of finite index and p : F' —>■ Z with 
finitely generated kernel. 

The proof of Theorem [3] is inspired by an alternate approach to Theorem [5] 
via Albanese mappings suggested by a referee. We use a result of Clozel m to 
ensure that B^/F' is a manifold with holomorphic 1-forms rj, a with p A tr ^ 0. 
This implies via [2^ that the subspaces of arising from homomorphisms 
to Z with finitely generated kernels are a finite union of proper subspaces. The 
existence of p follows, though we cannot say much about finding a specific p. 
In contrast, Theorem [3] has a completely explicit proof that studies a fibration 
over an elliptic curve. 

Furthermore, Theorem|3]has the following immediate consequence, for which 
we could not find a reference for n > 4. 

Corollary 4. For every n >2, there exists a discrete, finitely generated, infinite 
covolume (i.e., geometrically infinite) subgroup o/PU(n, 1) with limit set the 
entire ideal boundary 9B" of B". 

When M = B^/F is closed (that is, £{M) = 0) it is well-known to experts 
that there are towers {Mj} for which bi{Mj) is identically zero and towers for 
which bi{Mj) grows linearly in j, thus linearly in volume. Examples of towers 
with bi identically 0 follow from work of Rogawski [34] , and are quotients of the 
ball by a certain family of so-called congruence arithmetic lattices (see il2.2ll . 
For quotients of B" for n > 3, a similar result follows from work of Clozel |5]. On 
the other hand, Marshall [24] showed that bi{Mj) <§; vo\{Mj)'s for all principal 
congruence arithmetic quotients of B^ and exhibited towers, incommensurable 
with Rogawski’s, with precisely this growth type. We will prove the following, 
which for n = 2 reproduces Marshall’s lower bound by geometric methods and 
proves the bi part Theorem [T](4) . 

Theorem 5. For n = 2,3, there exists an arithmetic quotient Mq o/B" and a 
tower of congruence coverings {Mj} of Mq such that 

vo1(Mj)"’'+2'i <c6i(Mj). 

One can take Mq to be compact or noncompact. 

We prove this result by constructing towers of retractions of ball quotients 
onto totally geodesic complex curves. This method would imply that Theorem 
[Sj holds for all n if there exist examples of retractions of this kind for n > 3, 
but we know no examples. For n = 3, our result is not optimal, as Cossutta 
has a lower bound of vol(Mj )4 [14], and it would be interesting to achieve that 
lower bound geometrically. Our retractions are the ones described by Deraux 
m- Simon Marshall informed us that the correct upper bound from endoscopy 

n+1 

should be bi{Mj) <C vol(Mj)"^+^ for all n > 2, and it would be very interesting 
to find the optimal growth rate and give a geometric interpretation. 
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We now describe the organization of the paper. In 321 we briefly give some 
preliminaries on ball quotients and arithmetic groups. In Sj3]we describe Hirze- 
bruch’s ball quotient m and build the families {Aj} and {Bj} from Theorem 
[TJ In the process, we prove Theorem [5] We then prove Theorem [3] in In IJS] 
we construct the families {Cj} and {Dj} and prove Theorem!^ In lJ5]we make 
some closing remarks and raise some questions. 
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2 Preliminaries 

2.1 The ball and its quotients 

Let B" denote the unit ball In C” with its Bergman metric. See [T3] for more 
on the geometry of B”. The holomorphic isometry group of B” is PU(n, I), and 
finite volume manifold quotients of B” are quotients by torsion-free lattices In 
PU(n, I). It is well-known that closed (resp. finite volume noncompact) manifold 
quotients of B” are smooth projective (resp. quasiprojective) varieties. We also 
note that B^ Is the Poincare disk, and so the manifold quotients of B^ are 
precisely the finite volume hyperbolic 2-manifolds. 

For what follows, let P C PU(n, 1) be a torsion-free lattice and M = B”/r. 
Since B” has negative sectional curvature (In fact, constant holomorphic sec¬ 
tional curvature —I), M has a finite number £{M) > 0 of topological ends. 
When M Is noncompact, each end of M is homeomorphic to N x [0, oo), where 
N is an infranil (n — I)-manifold (see e.g., [25)1. 

The lattice P is called neat if the subgroup of C* generated by its eigenvalues 
Is torsion-free. In particular, a neat lattice Is torsion-free. It is well-known that 
every lattice contains a neat subgroup of finite index. Suppose that P is a 
neat lattice and M = B"/r is noncompact. Then M admits a smooth toroidal 
compactihcation by (n — l)-dimensional abelian varieties generalizing the usual 
compactihcation of a punctured Rlemann surface by a finite set of points [31 [33] . 

2.2 Arithmetic lattices 

One method of constructing lattices in PU(n, I) (in fact, the only method that 
Is known to work for u > 4) is via arithmetic subgroups of algebraic groups. 
Let G be a Q-algebraic group with 

G(R) ^ SU(n, 1) X SU(n -b !)’■ 

and P the image in PU(n, 1) of G{Z) after projection onto the SU(n, I) factor 
of G(]R) followed by projection of SU(n, 1) onto PU(n, 1). Then P is a lattice 
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in PU(n, 1). It is known that B^/F is noncompact if and only if G is the 
special unitary group of a hermitian form of signature (n, 1 ) over an imaginary 
quadratic field. 

For any natural number TV, we have the usual reduction homomorphisms 
rN : G(Z) ^ G{ZINZ) 

arising from inclusion of G(Z) into GLm(Z) for some m and reducing matrix 
entries modulo N. Let be the kernel of and r(iV) the image oi 
in r = r(l). We call r(iV) a principal congruence kernel. Any lattice A in 
PU(n, 1) containing some r(A^) as a subgroup of finite index is called a congru¬ 
ence arithmetic lattice. We also note that T(N) is neat for all sufficiently large 
N. 

It is well-known that there exist arithmetic lattices in PU(n, 1) that are not 
congruence arithmetic. Given an arbitrary arithmetic lattice A, commensurable 
with P = r(l) as above, we define congruence subgroups of A by 

A{N) = Anr(A). 

In particular, we can talk of the family of congruence covers of any arithmetic 
quotient of B”. 

Example 6. We recall the construction of the arithmetic lattices of PU(n, 1) of 
‘simplest type’. In fact, all lattices appearing in this paper are of this kind. Let 
fc be a totally real field and £ a totally imaginary quadratic extension of k. We 
call £ a CM field. We denote the nontrivial element of Gal(t'/fc) by z z, since 
this action extends to complex conjugation at any extension of a real embedding 
of fc to a complex embedding of £. 

Let h be a nondegenerate hermitian form on with respect to the Gal(£/fc)- 
action. We obtain a Q-algebraic group G such that 

G(Q) = {(? G PGL„_|_i(.^) : *ghg = h}, 

where *g is the Ga^f/fej-conjugate transpose. For every real embedding ^ : fc —>• 
R, h extends to a hermitian form h'^ on whose signature is independent 

of the two complex embeddings of £ that extend v, and 

G(R)^ PU(fc^). 

We assume that there is a hxed vi such that PU(fc'^^) = PU(n, 1) and that 
PU(/i‘^) = PU(n -I- 1) for all v vi. Then projection onto the PU(n, 1) factor 
embeds G(Z) as a lattice which is cocompact if and only if fc 7 ^ Q. 

3 Hirzebruch’s ball quotient 

The following construction is due to Hirzebruch [19]. Let C, = and A = Z[C]. 
Then E = C/A is the elliptic curve of /-invariant 0, and we let S denote the 
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abelian surface E x E. Take coordinates [z, w] on S and consider the following 
elliptic curves on S: 

Co = {tc = 0} 

C^ = {z = 0} 

Cl = {z = tc} 

Cc = {w = Cz} 

Then = 0 for each a and Ca fl C/? = {[0,0]} for every a ^ (3. 

Consider the blowup S' of S' at [0,0] with exceptional divisor D, and let 
Ca be the proper transform of Ca to S. Then Ca is an elliptic curve on S of 
self-intersection —1. If 

c = y a, 

define M = S \ C. Hirzebruch conjectured and Holzapfel proved [20] that M is 
the quotient of by an arithmetic lattice T. It is noncompact and T is neat. 
In other words, S is the smooth toroidal compactification of the quotient of B^ 
by a neat arithmetic lattice. It appears as the third example in the appendix to 
m and in [33]. It is also one of the five complex hyperbolic manifolds of Euler 
number one that admits a smooth toroidal compactification [5]. 

We need a few more facts before constructing the families {Aj} and {Bj} 
from Theorem [T] Since the fundamental group is a birational invariant, 

7ri(S) 7ri(S) ^ 

In particular, every etale cover tt : S' —^ S induces an etale cover tt : S' —>■ S, 
and more specifically. S' is the blowup of S' at the points over [0,0] G S. Every 
such cover is Galois (i.e., regular) with covering group G, a quotient of lA. 

^ Let TT : S' ^ S be a finite etale cover with Galois group G and (fegree d, so 
S' is an abelian surface blown up at d points. The inclusion M ^ S induces a 
surjection ^ 

TTi{M) —^ 7I'l(S) 

[231 Prop. 2.10], and in fact (see [28]), where 

denotes cohomology. The inverse image N = of M in S' is a etale 

cover N of M, and the number of connected components oiTT~^{M) is the index 
of r = 7ri(M) in G under the induced homomorphism 

7ri(M) ^7ri(S) ^G. 

This homomorphism is surjective, so is a connected covering of M. Lastly, if 
V = 7r~^(C) is the pullback of C to S', then iV = S \ X> and S{N) is the number 
of connected components of V. In other words, N is the quotient of the ball by 
a neat lattice for which the associated smooth toroidal compactification is an 
abelian surface blown up at d points. 

In order to compute bi for these coverings, we need the following two lemmas. 
The first is due to Nori. 
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Lemma 7 (Nori [?!]'). Let X and Y he smooth connected varieties over C and 
f : X ^ Y an arbitrary morphism. Then: 

A. there is a nonempty Zariski-open U CY such that f~^{U) U is a fiber 
bundle in the usual topology. 

B. if f is dominant, the image ofiri^X) has finite index in irifY). 

C. if the general fiber F of f is connected and there is a codimension two sub¬ 
set S of Y outside which all the fibers of f have at least one smooth point 
(i.e., f~^{p) is generically reduced on at least one irreducible component 
of f~^{p), for all p ^ S), then 


is exact. 

We also need the following easy lemma from group theory. 

Lemma 8. Let T be a finitely generated group, r > 1, and p : F —^ Z’’ a homo¬ 
morphism with finitely generated kernel K. If K can be generated by n elements, 
then every finite index subgroup F' C F containing K has abelianization of rank 
at most n -\- r. 

Proof. Let cti, ... be generators for K. Then /o(F') C Z*" is a free abelian 
subgroup, and is hence generated by at most r elements. Let ti,... ,ts (s < r) 
be generators for p(F'). Then we can lift ti to ti G F', and the ti along with 
cri,...,(T„ generate F', hence F' can be generated by n + r elements. The 
cardinality of a generating set is an obvious upper bound for the rank of the 
abelianization of F', so the lemma follows. □ 

Finally, we need some notation for 7ri(S'). Write 7ri(S') as the group of 
translations of generated by: 



Under the natural inclusions we then have: 

7’‘l(C'o) = (V1,V2} 

7ri(C'oo) = (V3,V4} 

Tri(Ci) = (vi -l-V3,V2 +^4) 

7ri(C'^) = (vi + V4,V2 -V3-I- V 4 ) 

We now have all the tools necessary to build the families {Aj} and {Bj}. Notice 
that, since M is the quotient of the ball by a neat arithmetic lattice, any finite 
coverings will also have these properties. 
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The towers {Aj} 

Fix a prime p and consider the homomorphisms 

Pj ; 7ri(S') ^ ^ Pj = ’L/p’l 

such that Pjivi) is a generator 5j for Pj and Pj{vk) is trivial for k ^ 1. By 
the above discussion, this induces a connected p^iold cyclic cover Aj of M. 
The restriction of pj to 7ri(C'a) is surjective for a G {0,1,C}, so the cusp of M 
associated with Ca lifts to a single cusp of Aj. However, 7ri(C'oo) is contained in 
the kernel of pj, so the cusp of M associated with Coo lifts to p^ distinct cusps. 
Therefore, £{Aj) = p^ + 3. 

We now must show that the betti numbers of the Aj are uniformly bounded. 
Notice that each pj factors through the surjective homomorphism ip : 7ri(M) —>■ 
Z^ induced by the map S ^ E given by blowdown followed projection of S onto 
its first factor. By Lemma [51 it suffices to show that ip has finitely generated 
kernel. In other words, we must prove the following. 

Proposition 9. Let E = C/Z[e^’^*'^^], S = ExE, S be the blowup of S at [0,0], 
and M C S be Hirzebruch’s noncompact ball quotient. Consider the holomorphic 
map M ^ E induced by blowdown S' —>■ 5 followed by projection of S onto its 
first factor. Then the induced surjective homomorphism 

Ip : 7ri(M) ^ = Z^ 

has finitely generated kernel. 

Proof. Notice that the general fiber P of the map M —>■ if is a reduced 3- 
punctured elliptic curve. Indeed, F intersects each Ca exactly once for a € 
{0,1,^}. The only fiber not of this type is the fiber above 0, which is a 4- 
punctured namely the intersection of M with the exceptional divisor D of 
the blowup S ^ S. See Figure [TJ This satisfies the assumptions of Lemma 0 
with X = M and Y = E, so there is an exact sequence 

7ri(F) —>■ 7ri(M) ^ T^iiE) —>■ 1. 

In particular, maps onto ker(i/)). Since 7ri(F') is finitely generated, the 

proposition follows. □ 

Choosing the Sj to be compatible with a family of homomorphisms Pj+i —> 
Pj, the {Aj} form a tower of coverings, which proves the first part of Theorem 
[TJ The associated lattices in PU(2,1) are neat and arithmetic. Note that the 
Aj all have first betti number exactly 4. The above also proves Theorem [U 

Proof of Theorem}^ Combine Proposition [^ with Lemma [5] □ 



E - • - 

0 

Figure 1: The fibration induced by projection onto the first factor of S. 


The towers {Bj} 

Let p be an odd prime, and fix a generator 5j for Pj = hlpPlj (compatibly for 
a family of homomorphisms Pj+i Pj). Since p is odd, notice that is also 
a generator for Pj. We then define homomorphisms pj : 7ri(S') —^ Pj by 

p^(vi) = Sj, 1 = 1, 2, 3,4. 

Let {Bj} be the associated tower of p-^-fold cyclic covers of M. Here, the re¬ 
striction of Pj to 7ri(C'o,) is surjective for every a, which implies each Ca has a 
unique lift to the associated covering, and hence £{Bj) = 4. 

Each Pj factors through homomorphism 7ri(S') —>■ 1? induced by the holo- 
morphic mapping 

f{[z,w\) = z + w 

from S onto E. The general fiber of / above w € E is the curve 


Fw — C-i + [0, w] 

where C-i is the curve in coordinates {z.,w] on S described by {w = —z}. 
Taking the proper transform Fyj of Fyj to S, we see that for w ^ 0, the induced 
map M ^ E has hber above w a punctured elliptic curve, i.e., minus its 
points of intersection with each Ca, a S {0,oo, l,^}. Above 0, the fiber is the 
union oi D Cl M and Fq minus its intersection with each of the Ca ■ Each fiber 
is again reduced. 

Lemma [7] again applies, so the kernel of the induced homomorphism from 
7ri(M) to has finitely generated kernel. Then bi{Bj) is uniformly bounded 
above by Lemma [H This proves the second part of Theorem [H and again the 
fundamental groups of our examples are neat and arithmetic. 
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4 The proof of Theorem [3] 

We begin with the following proposition, which is well-known to experts. 

Proposition 10. Suppose that V is a compact complex manifold that admits 
two holomorphic 1-forms with nonzero wedge product. Given A C PSL 2 (K) 
a cocompact lattice with O = H^/A the associated closed hyperbolic 2-orbifold 
and f : V ^ O a holomorphic mapping with connected fibers, define Wf = 
f*{H^'^{0)) C H^'^{V) to he the pull-backs to V of holomorphic 1-forms on O. 
Finally, define 


Z = {Wf C : f :V as above}. 

Then Z is a finite union of proper linear subspaces of 

Proof. It is clear that Z is a union of linear subspaces that are maximal isotropic 
subspaces of for the wedge product. A version of the Castelnuovo-de 

Franchis theorem due to Catanese [71 Thm. 1.10] implies that every maximal 
isotropic subspace Z G Z oi dimension at least two determines a holomorphic 
mapping / from V onto a curve Cz of genus g > 2 and Z = f*{H^’°{C)). In 
particular, since V supports two 1-forms with nonzero wedge product, every 
such Z G Z is a proper subspace. The Zf G Z associated with mappings onto 
hyperbolic 2-orbifolds of genus 1 are lines, and hence are also proper subspaces. 
The proposition follows immediately from the finiteness of the set of maps / 
from V onto a hyperbolic 2-orbifold [UlIS]. □ 

We now prove Theorem [31 

Proof of Theorem}^ Let T C PU(n, 1) be a lattice satisfying the assumptions 
of the theorem. It is well-known theorem of Kazhdan that we can replace T with 
a torsion-free subgroup of finite index with infinite abelianization |21j . See also 
|4]. Then B"/r is an n-dimensional smooth complex projective variety (also a 
compact Kahler manifold) that supports a nontrivial holomorphic 1-form p. 

Using the action of Hecke operators, Clozel showed that there is F' C T of 
finite index and nontrivial holomorphic 1-forms p,a on V = B^/F' such that 
p Aa 0 [ini Prop. 3.2]. In particular. Proposition [TO] applies to V. 

Associated with every nonzero p G H^'^(V) there is a homomorphism 

Pjj : r' ^ Z. 

If ker(/9^) is not finitely generated, it follows from work of Napier-Ramachandran 
that there exists a holomorphic map f : V C onto a curve of genus g > 1 
such that p G f*{H^'^{C)) Thm. 4.3]. Indeed, if g >2, then p clearly lies in 
the set Z defined in the statement of Proposition [101 However, this still holds 
when C has genus 1 since the induced homomorphism 

u-.v ^ ^i(C) ^ 
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factors through a surjective homomorphism F' —>■ A, where A is a cocompact 
lattice in PSL 2 (R) (cf. [30]), so again r] & Z. 

In particular, ii rj ^ Z then has finitely generated kernel. Since Z is 
a finite union of proper subspaces of the existence of such an rj is 

immediate. This completes the proof. □ 

Remark. Note that the 1-forms rj and a with ij Aa ^ 0 might not be a 1-form 
associated with a finitely generated kernel. Indeed, both 77 and a might lie in 
distinct linear subspaces contained in Z. 

Remark. Using quasiprojective analogues of the above arguments, we expect 
that Theorem [3] also holds for nonuniform arithmetic lattices in PU(n, 1). 

5 Deligne—Mostow orbifolds 

To build the towers {Cj} and {Dj} and prove Theorem [S] we use the ball 
quotient orbifolds constructed by Deligne and Mostow [niiiT]. Given an (n-|-3)- 
tuple p, = (/ii) of rational numbers, we consider the following condition: 

[1 — Pi — Pj)~^ € Z when i ^ j and pi + pj <1 (INT) 

For any such p, Deligne and Mostow produced a finite volume ball quotient 
orbifold by a (sometimes partial) compactification of the space of n -|- 3 
distinct points on P^. In other words, is the quotient of B" by a lattice A^ 
that contains elements of finite order. Mostow then showed that one can relax 
(|INT|) to a half-integral condition ^ (lINTI) that produces new orbifolds. We refer 
to [ISl HT] im [331 HD for more on their geometry. 

First, we need to recall when there are totally geodesic inclusions O^, ^ 
between m- and n-dimensional Deligne-Mostow orbifolds. Let /i = {pi) be an 
(n-|-3)-tuple satisfying (IINT|) . and (after reordering the pi if necessary), suppose 
that 

n+3 

< 1 - 

j=m+3 

We then define the hyperbolic contraction 


n+3 

^ — (MIj ■ • ■ ) h'm+2j 'y pj') , 
j=m+3 

which also satisfies (lINTI) . The associated inclusion of the space of m-|-3 distinct 
points on P^ into the space of n-|-3 distinct points then induces a totally geodesic 
embedding 

a = B’"/A, B"/A^. 

There is a similar statement for i (lINTI) . See [151 § 8 ] or [FT] . 

Crucial to our construction are so-called forgetful maps, which were studied 
in detail in m- Rather than inclusions of moduli spaces, we now consider 
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when the surjective holomorphic map of moduli spaces given by forgetting some 
number of points induces a surjective holomorphic mapping between Deligne- 
Mostow orbifolds. Deraux m gave a complete treatment of how one determines 
the pairs fi, v for which this induces a surjective holomorphic mapping —>■ 

and we refer the reader there for details. 

What we exploit is that there are many instances where one can find a pair 
(/i, y) such that is both a geodesic suborbifold and a quotient space of O^, 
and the associated composition 


is the identity. In other words, admits a holomorphic retraction onto Oy. 

Let X be a connected manifold, Y a submanifold, and f : X —>■ Y he a 
retraction. The induced map on fundamental groups /* then has /*| 7 ri(y) = 
id,ri(v)- From this, one can easily prove the following by elementary covering 
space theory. 

Lemma 11. Let X be a connected manifold, Y a submanifold, and f : X ^ Y 
a continuous retraction. Given a finite sheeted covering X' ^ X, let Y' be 
the finite covering ofY associated with the finite index subgroup /*(7ri(X')) of 
7 ri(F). Then Y' lifts to a submanifold of X', and X' admits a retraction onto 
Y'. 


Notice that it follows immediately from the lemma that bi{X') > bi{Y'). 
We now explain how one constructs the families {Cj} and {Dj}. 


The towers {Cj} 

Let Oij_ = B^/r^ be a cusped Deligne-Mostow orbifold and / : —>■ Oy be a 
surjective holomorphic mapping onto Oy = B^/F^. For example, one can take 

/2 2 3 4 1\ 

Ve’6’6’6’ey 
V6’ 6’ 6’ ey 


While Ofj, has cusps, we note that Oy is compact (as it turns out, the target is 
always compact when the dimensions differ). 

Then, we can find a neat subgroups F C F^ and A C Fi, of finite index for 
which we have a surjective holomorphic mapping 

h : Co =BVr ^ S =BVA 


for which the induced map h* : F —>■ A is also surjective. Note that E is a 
compact Riemann surface of genus g > 2. 

Fix a cusp of Cq and let P C F be a representative for the conjugacy class 
of maximal parabolic subgroups of F associated with this cusp. We claim that 
h*(P) is a (possibly trivial) cyclic subgroup of E. Indeed, P is nilpotent, so 
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h^:{P) is also nilpotent. However, S is a hyperbolic surface group, so every 
nilpotent subgroup is cyclic. 

Given a finite covering E' —>• E, Galois with group G, recall that the number 
of cusps of C over our chosen cusp is exactly the index of P in G under the 
associated surjection F —>• G. Since 61 (E) > 4 and /i*(P) is cyclic, we can find 
a homomorphism p : A —> Z with /i*(P) C ker(p). Let pj be the composition of 
p with reduction modulo j and Aj the kernel of pj. 

Set: 


Ej — B /Aj 

C,=Ryh-\A,) 

Then Ej (resp. Cj) is a covering of E (resp. Go) of degree j. Furthermore, 
6 i(Ej) grows linearly in j, hence 6 i(Gj) does as well. Since P C h~^{Aj), we 
see that the cusp associated with P lifts to j cusps of Cj. In particular, S(Cj) 
also grows linearly in j. Therefore {Gj} has the required properties. 

Remark. Taking 


^ 2 3 3 1 n 

^ V6’6’6’6’6’ey 
V6’ 6’ 6’ ey 

one also sees that there exist quotients of B^ for which Theorem [Tl( 3) holds. 
Theorem and the towers {Dj} 

Let Dq = Go = B^/T and E = B^/A be as above, and notice that our map is, 
in fact, a retraction onto a geodesic submanifold. We now let Dj = B^/r(y) be 
the congruence covering of Dq of level j as in 112.21 As is well-known, A is also 
arithmetic and 

A(j) = Anr(j). 

It follows from Lemma [TT] that bi{Dj) > 61 (Ej), where E^- is now defined to be 
the congruence covering B^/A(j) of E. 

Since #PSL 2 (Z/jZ) j^, using strong approximation for Zariski-dense 
subgroups [1I1I32], one can show that bi (E^-) grows like , hence bi {Dj) grows at 
least like However, G{'LIj1) has order j®, so a similar strong approximation 
argument shows that 

vol(P,) ^ [T : T{j)] ^ #G(Z/jZ) ^ f, 

and we see that 

vol(Pj)5 < bi{Dj). 

Notice that if we take Dj to be the quotient of B^ by a congruence arithmetic 
lattice, an upper bound with the same exponent follows from |24] . 
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To calculate £{Dj), we need to compute the index in G{'LI jl£) of a given 
maximal parabolic subgroup of T. If P is a maximal parabolic subgroup of T 
then its image in T/r(j) is contained in some Borel subgroup, but since the diag¬ 
onal entries of parabolic matrices in T are units of a fixed imaginary quadratic 
number field, we see that their images in C?(Z/jZ) are, up to a fixed multi¬ 
plicative factor, contained in the subgroup of strictly upper-triangular matrices. 
Elementary counting implies that this index is of order . As argued above for 
hi, it follows that £{Dj) ^ vol(Pj)®/®. This completes the proof for noncompact 
quotients when n = 2. 

Applying the same argument to 


2 3 3 1 1\ 

V6’ 6’ 6’ 6’ 6’ ey 

U’ 6’ 6’ ey 


gives noncompact examples when n = 3, where now [T ; r(j)] grows like so 
hi grows at least as fast as We note, however, that £ now grows like 
For compact examples, consider: 


/3 3 3 7\ 

Vs’8’8’sy 


/3 3 3 3 4\ 

Vs’ 8’ 8’ 8’ sy 

1^1 3 3 3 3 3\ 

Vs’ 8’ 8’ 8’ 8’ sy 


By [171 Thm. 3.1(v)], there is a holomorphic retraction / : —>• induced 

by a forgetful map. Clearly the restriction of / to is a retraction of it onto 
. These give all the desired examples. 

Remark. Notice that our lattice T is not necessarily congruence arithmetic, 
since the initial Deligne-Mostow lattice T^ might not be congruence arithmetic. 
One can often show that the quotient of by a certain symmetric group 
is the quotient of the ball by a maximal arithmetic lattice, which is then con¬ 
gruence arithmetic (see [35] 1. However, we were not able to find an example 
for which the map ^ Oi, descends to Os/i- In particular, for n = 3, we 
do not know that the families {Mj} in Theorem [S] are necessarily congruence 
arithmetic, though we suspect that such examples exist. 

Remark. Unfortunately, this result is not optimal for n = 3, as Cossetta proved 
the lower bound vol(Mj)4 for the growth of hi [14]. It would be interesting to 
see if a more subtle use of fibrations over curves could meet, or beat, that bound. 


6 Closing questions and remarks 

We begin reiterating a question from the introduction. 
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Question 1. Fix n > 2. For which pairs (a, /3) is there a smooth finite volume 
quotient M = B^/F with bi{M) = a and E{M) = fi? Can we always assume T 
is arithmetic and/or neat? 

Particularly interesting is the case (0, 0) for any /3 > 1. We do not know of an 
infinite family of examples, though m contains examples for which the lattice 
is arithmetic but not neat. With the assumption of neatness we apparently do 
not know a single example. 

Question 2. Does there exist a manifold quotient M o/B" with £{M) = 1? 
For which n can M be the quotient by a neat and/or arithmetic lattice? 

When n = 2, see [36] for an example of a one-cusped manifold. This manifold 
is arithmetic, but the lattice is not neat. In an earlier paper [38], we showed 
that for any fc > 1, there exists a constant such that £{M) > k for every 
arithmetic quotient of B" with n > Uk- In particular, for n sufficiently large, if 
one-cusped quotients of B" exist, they cannot be arithmetic. 

Question 3. Let M he a finite volume quotient o/B” and {Mj} a tower of 
finite-sheeted coverings. What are the possible growth rates for b/M/)? 

As mentioned in the introduction, we know examples for all n > 2 where 
bi{Mj) is identically zero [34][^. There are also examples where the growth is 
nontrivial [211140]. In both families, the lattices can be chosen arithmetic. 

Question 4. Let M be the quotient of B" by a congruence arithmetic lattice, 
n>2, and {Mj} a family of congruence coverings. What are the possible growth 
types for b/M/ as a function of the covering degree? 

When M is noncompact, one can always determine the growth rate of £{Mj) 
by elementary counting methods. Simon Marshall informed us that endoscopy 
should give a bound b/Mj) <C vol(Mj)"^+^ for principal congruence lattices. 
Cossutta has the upper and lower bounds and respectively. If 

M retracts onto a holomorphically embedded geodesic submanifold B^/A, then 
the methods in this paper give towers with a lower bound of the form 
(and could do more if the number of distinct retractions increases with j), but 
we do not know a single example of a quotient of B", n > 4, that retracts onto 
a geodesic suborbifold of any codimension. 

Question 5. Let M be a quotient o/B", and suppose that M contains a totally 
geodesic quotient o/B"* for some \ < m < n. Does M admit a finite sheeted 
covering N ^ M such that N retracts onto one of its m-dimensional geodesic 
suborbifolds ? 

For example, the analogous result is always true for hyperbolic 3-manifolds 
and totally geodesic hyperbolic 2-manifolds [T]. There are also a number of 
known examples of hyperbolic n-manifolds retracting onto totally geodesic hy¬ 
perbolic m-submanifolds [3], though the general case for n > 4 remains open. 
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